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a b s t r a c t
In this paper, splitting finite sums, refinements of the inequalities of Aczél, Popoviciu and
Bellman are obtained.
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1. Introduction
In 1956, Aczél [1,2] published the following result.
Theorem 1. Let n be a positive integer and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that A2 ≥ ∑nk=1 a2k or
B2 ≥∑nk=1 b2k . Then(
A2 −
n∑
k=1
a2k
)(
B2 −
n∑
k=1
b2k
)
≤
(
AB−
n∑
k=1
akbk
)2
with equality if and only if the sequences A, a1, . . . , an and B, b1, . . . , bn are proportional.
Later in 1959 Popoviciu [2,3] gave a generalization of the preceding inequality.
Theorem 2. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that Ap ≥ ∑nk=1 apk or
Bp ≥∑nk=1 bpk. Then,(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
≤
(
AB−
n∑
k=1
akbk
)p
.
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A related result due to Bellman [2,4] that appeared in 1956 is stated in:
Theorem 3. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be nonnegative real numbers such that Ap ≥∑nk=1 apk
and Bp ≥∑nk=1 bpk. Then,(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
≤
(
(A+ B)p −
n∑
k=1
(ak + bk)p
)1/p
.
Our goal in this paper is to split conveniently the sums that appear in the above inequalities, and to apply the inequalities
again, to obtain refinements of the preceding results.
2. Main results
In the following refinements of Popoviciu’s and Aczél’s inequalities are given. The first is stated and proved in the
following.
Theorem 4. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that Ap ≥ ∑nk=1 apk or
Bp ≥∑nk=1 bpk. Then, for 1 ≤ j < n(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
≤ R(A, B, ak, bk) ≤
(
AB−
n∑
k=1
akbk
)p
,
where
R(A, B, ak, bk) =
 p
√√√√Ap − j∑
k=1
apk
p
√√√√Bp − j∑
k=1
bpk −
n∑
k=j+1
akbk
p .
Proof. First, we split the left-hand side of the preceding inequality as follows(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
=
(
Ap −
j∑
k=1
apk −
n∑
k=j+1
apk
)(
Bp −
j∑
k=1
bpk −
n∑
k=j+1
bpk
)
=
(
Mp −
n∑
k=j+1
apk
)(
Np −
n∑
k=j+1
bpk
)
,
where M = p
√
Ap −∑jk=1 apk and N = p√Bp −∑jk=1 bpk. From the above expression and the hypothesis immediately we
obtainMp ≥∑nk=j+1 apk or Np ≥∑nk=j+1 bpk. Therefore, applying generalized Aczél’s inequality, we get(
Mp −
n∑
k=j+1
apk
)(
Np −
n∑
k=j+1
bpk
)
≤
(
MN −
n∑
k=j+1
akbk
)p
.
On the other hand, applying generalized Aczél’s inequality again it follows thatMN ≤ AB−∑jk=1 akbk and we have(
Ap −
n∑
k=1
apk
)(
Bp −
n∑
k=1
bpk
)
=
(
Mp −
n∑
k=j+1
apk
)(
Np −
n∑
k=j+1
bpk
)
≤
(
MN −
n∑
k=j+1
akbk
)p
≤
(
AB−
j∑
k=1
akbk −
n∑
k=j+1
akbk
)p
=
(
AB−
n∑
k=1
akbk
)p
and the proof is complete. 
Setting p = 2 in the preceding result we get a refinement of Aczél’s inequality.
Corollary 5. Let n be a positive integer and let A, B, ak, bk, (1 ≤ k ≤ n) be real numbers such that A2 ≥ ∑nk=1 a2k or
B2 ≥∑nk=1 b2k . Then, for 1 ≤ j < n
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A2 −
n∑
k=1
a2k
)(
B2 −
n∑
k=1
b2k
)
≤ R(A, B, ak, bk) ≤
(
AB−
n∑
k=1
akbk
)2
,
where
R(A, B, ak, bk) =

√√√√A2 − j∑
k=1
a2k
√√√√B2 − j∑
k=1
b2k −
n∑
k=j+1
akbk
2 .
Likewise, applying the same procedure we get the following refinement of Bellman’s inequality.
Theorem 6. Let n, p be positive integers and let A, B, ak, bk, (1 ≤ k ≤ n) be nonnegative real numbers such that Ap ≥∑nk=1 apk
and Bp ≥∑nk=1 bpk. Then, for 1 ≤ j < n(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
≤ R(A, B, ak, bk) ≤
(
(A+ B)p −
n∑
k=1
(ak + bk)p
)1/p
where
R(A, B, ak, bk) =

 p
√√√√Ap − j∑
k=1
apk + p
√√√√Bp − j∑
k=1
bpk
p − n∑
k=j+1
(ak + bk)p

1/p
.
Proof. We have(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
=
(
Ap −
j∑
k=1
apk −
n∑
k=j+1
apk
)1/p
+
(
Bp −
j∑
k=1
bpk −
n∑
k=j+1
bpk
)1/p
=
(
Mp −
n∑
k=j+1
apk
)1/p
+
(
Np −
n∑
k=j+1
bpk
)1/p
.
Since Mp = Ap − ∑jk=1 apk and Np = Bp − ∑jk=1 bpk , then from the hypothesis we have Mp ≥ ∑nk=j+1 apk and
Np ≥∑nk=j+1 bpk . Applying Bellman’s inequality yields(
Mp −
n∑
k=j+1
apk
)1/p
+
(
Np −
n∑
k=j+1
bpk
)1/p
≤
(
(M + N)p −
n∑
k=j+1
(ak + bk)p
)1/p
.
Applying Bellman’s inequality again, we get
M + N = p
√√√√Ap − j∑
k=1
apk + p
√√√√Bp − j∑
k=1
bpk ≤
(
(A+ B)p −
j∑
k=1
(ak + bk)p
)1/p
.
Now, combining the preceding expressions, we obtain(
Ap −
n∑
k=1
apk
)1/p
+
(
Bp −
n∑
k=1
bpk
)1/p
=
(
Mp −
n∑
k=j+1
apk
)1/p
+
(
Np −
n∑
k=j+1
bpk
)1/p
≤
(
(M + N)p −
n∑
k=j+1
(ak + bk)p
)1/p
≤
[
(A+ B)p −
j∑
k=1
(ak + bk)p −
n∑
k=j+1
(ak + bk)p
]1/p
=
(
(A+ B)p −
n∑
k=1
(ak + bk)p
)1/p
and this completes the proof. 
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